We analyze the effect of phase-matched third-harmonic generation on the existence and stability of (1 ϩ 1)-dimensional bright and dark spatial solitary waves in optical media with a cubic (or Kerr) nonlinear response. We demonstrate that parametric coupling of the fundamental beam with the third harmonic leads to the existence of two-color solitary waves resembling those in a (2) medium and that it can modify drastically the properties of solitary waves due to effective non-Kerr nonlinearities. In particular, we find a power threshold for the existence of two-frequency parametric bright solitons and also reveal the soliton multistability in a Kerr medium that becomes possible owing to a higher-order nonlinear phase shift caused by cascaded third-order processes. We also analyze dark solitary waves and their stabilities. We show that, in a certain parameter domain, parametric (3) dark solitons may become unstable owing to the modulational instability of the supporting background or to other instability mechanisms caused by the parametric coupling between the harmonics.
INTRODUCTION
If a monochromatic beam of frequency is launched into a nonlinear medium with a Kerr-type response, the thirdorder contribution to the polarization is made up of two components (see, e.g., Ref. 1 and references therein). The first is a response at frequency , which is usually interpreted as an intensity-dependent refractive index. It is the balance between this nonlinearity-induced change of the refractive index and diffraction (or dispersion) that provides the well-known physical mechanism of the formation of optical spatial self-guided beams (or temporal solitons). The second polarization component, which is generally neglected in considering soliton propagation in a Kerr medium, is a response at frequency 3. This contribution to the nonlinear polarization is known to lead to third-harmonic generation provided that appropriate phase-matching conditions are satisfied. Thus launching a monochromatic beam can result in copropagating beams at the fundamental and third-harmonic frequencies.
It has been understood for some time that such a process can lead to a cascading effect whereby effective higher-order nonlinearities are generated (see, e.g., Ref. 2 and references therein). Cascading in media with (2) nonlinearity has been the subject of renewed interest over the past five years 3 as a result of the realization that cascaded second-harmonic generation provides a mechanism for achieving an effective intensity-dependent phase change, which may be larger than that caused by the inherent (3) nonlinear susceptibility of the medium. This induced cubic nonlinearity can support both bright and dark parametric solitary waves resulting from the two-or three-wave-mixing processes (see, e.g., Refs. [4] [5] [6] [7] [8] , which have been recently observed experimentally in a KTP bulk crystal and a LiNbO 3 slab waveguide. 9 Subject to appropriate phase-matching conditions, an enhancement of nonlinearity that is due to cascading can also be expected for third-order processes in optical materials with the (3) susceptibility. Indeed, Saltiel et al. 10 have shown recently that the phase shift arising from the cascaded third-order processes can be understood as being generated by a higher-order, quintic nonlinearity with a value that can exceed the inherent fifth-order susceptibility of the nonlinear medium. We believe this observation indicates the possibility of a simple physical mechanism leading to effective, resonantly induced non-Kerr nonlinearities in an optical material with a purely cubic response, which can be used for enhancing the value of the medium's nonlinear response. On the other hand, the mechanism of induced nonlinearities also raises the question of how these higher-order nonlinearities affect the propagation of bright and dark solitary waves of the fundamental frequency under the condition of phasematching with the third harmonic. Indeed, if a slightly mismatched process of third-harmonic generation leads to an effective quintic nonlinearity, from the results of classification of bright solitary waves of the cubic-quintic nonlinear Schrödinger (NLS) equation 11 we expect that solitary waves cease to exist when the effective quintic nonlinearity becomes strongly defocusing. This simple observation suggests that solitary waves should be modified near the point of phase matching with the third harmonic, and this explains the motivation of our study.
In this paper we analyze bright and dark spatial solitary waves under the phase-matched condition when the fundamental wave is coupled to its third harmonic. This is a particular degenerate case of the solitary waves supported by four-wave-mixing processes, 12 which is not completely understood yet. We assume that the interaction between the fundamental and third-harmonic waves includes parametric four-wave mixing, self-phase modulation effects, and cross-phase modulation. We analyze bright and dark solitary waves of this model and show that the resonant coupling with the third harmonic leads to several important physical effects, including a power threshold for the existence of bright solitons, multistability of bright solitary waves, and parametric modulational instability of dark solitary waves.
FUNDAMENTAL EQUATIONS
We are interested in the resonant interaction between a linearly polarized beam of frequency and its third harmonic, which is assumed to be identically polarized. We also assume that the beams propagate in a slab waveguide, so that we need be concerned only with one transverse dimension and analyze (1 ϩ 1)-dimensional beam propagation. Hence we consider the scalar wave equation case of spatial beam propagation (spatial solitary waves) with two harmonics of the identical polarization, no walkoff is taken into account. A similar system of coupled equations for the planewave (PW) approximation (no spatial derivatives in X) has been considered by Saltiel et al., 10 in which the selfphase modulation of the third-harmonic has been neglected, but, instead, an inherent fifth-order susceptibility has been included. Our analysis indicates that selfphase modulation terms in both Eqs. (6) and (7) lead to some important consequences for the existence and stability of solitary waves near the point of phase matching, and therefore both self-phase modulation terms should be included. The importance of the fifth-order nonlinearity can be justified only far from resonance, where the cascaded nonlinearity becomes negligible. Thus the inherent fifth-order nonlinearity can be omitted near the point of phase matching as a higher-order effect.
BRIGHT SOLITARY WAVES

A. Families of Stationary Solutions
We are interested in finding stationary solutions of Eqs. (6) and (7), so we substitute
where ␤ is the nonlinearity-induced propagation constant shift. It can be treated as an internal soliton parameter and also can be controlled by the beam total power. Then the system of Eqs. (6) and (7) for solitary waves can be rewritten in the following dimensionless form:
where z ϭ ␤Z and
X. Stationary beams are described by the real solutions u(x) and w(x), which are defined by the same system of Eqs. (8) and (9) but with the z derivatives omitted. These localized solutions depend on only a single dimensionless parameter, ␣ ϭ (3 ϩ ⌬/␤).
We point out that the basic structure of Eqs. (8) and (9) is qualitatively similar to the familiar equations derived in the case of parametric solitary waves supported by twowave mixing in (2) media. 5, 6 The definition of the effective mismatch parameter ␣ is almost identical to that case, in spite of the different structure and physical meaning of nonlinear coupling terms. Moreover we can employ similar techniques for analyzing the twofrequency solitary waves that are due to cascading in cubic materials.
First of all, using such a direct analogy with the theory of (2) solitons, we investigate the solitary waves in the so-called cascading limit when ͉␣͉ ӷ 1. In this limit, the energy conversion from the fundamental to the third harmonic is relatively small, i.e., ͉w͉ Ӷ ͉u͉. For ͉␣͉ ӷ 1, from Eq. (9) we find approximately w Ӎ u 3 /9␣, and Eq. (8) becomes the cubic-quintic NLS equation allowing the solutions for solitary waves in an explicit form (see, e.g., Ref. 11) . This suggests the structure of an asymptotic expansion for the localized solutions of Eqs. (8) and (9) 
This asymptotic solution of the cascaded limit is used as a starting point in the search for families of localized solutions. In this section we consider positive values of ␣ only, because bright soliton solutions, which decay asymptotically to zero for large x, are not possible for ␣ Ͻ 0. These spatially localized solutions have been found with the help of a numerical relaxation technique (similar to that used elsewhere; see, e.g., Refs. 7 and 8), and they describe two spatially localized envelopes u(x) and w(x). To characterize these solutions, we use the normalized total power
which is one of the conserved quantities of the system of Eqs. (8) and (9). In all the results presented below we put ϭ 3, which corresponds to the case of spatial solitons.
In Fig. 1 we show the variation of the normalized total power, P tot , with the normalized mismatch parameter ␣ for different types of two-wave localized solutions of the system of Eqs. (8) and (9) . The inset figure shows an expanded portion of the dependence P tot (␣) for the range 8.2 р ␣ р 9.2. It can be seen from the form of P tot (␣) that near the point of phase matching between the fundamental and third harmonics (i.e., ␣ ϭ 9 at ϭ 3) there exist three distinct types of localized solutions for bright solitary waves, which we discuss in detail below.
The most important class of two-wave bright solitons is described by a family of localized solutions for coupled fundamental and third-harmonic fields. The distribution of power between the two frequencies varies from being predominantly in the third harmonic, for smaller ␣, to predominantly in the fundamental, at larger values of ␣. In this latter case, we can apply the cascading approximation to find
which is shown as the dashed curve in Fig. 1 . For larger values of the normalized mismatch parameter ␣ the amplitude of the beam at the fundamental frequency grows whereas that of the third harmonic vanishes, in agreement with the prediction of the analytical results obtained in the cascading approximation. An example of the solution of this family is presented in Fig.  2(a) , corresponding to point A in Fig. 1 .
A simple analysis shows that the family of twofrequency solitary waves bifurcates from the onefrequency solution for the third harmonic,
at the point of exact phase-matching (i.e., ␣ ϭ 9 at ϭ 3 and ⌬ ϭ 0). This family of one-frequency solitary waves is characterized by the normalized power, P tot ϭ 4(␣) 1/2 , and it is described by the standard cubic NLS equation, which follows from Eq. (9) at u ϭ 0. It is clear that this type of solitary wave is possible only because of the self-phase-modulation effect that is taken into account for the third harmonic.
Finally, the third family of localized solutions shown in Fig. 1 includes the simplest hyperbolic-secant-type analytical solution. 13 This solution (shown by the filled circle in Fig. 1 ) exists only at ␣ ϭ 1, and it has the following form:
where the parameter b is the real root of the cubic equation
and the parameter a is found from the following relation,
In sharp contrast with the theory of (2) parametric solitons, 5 the analytical solution of the models (8) and (9) and the asymptotic solution of the cascading limit ␣ ӷ 1 do not belong to the same family. Moreover, varying continuously the effective mismatch parameter ␣ along this family of localized solutions shows that this class of solitary waves corresponds to multihump solitary waves, as is shown in Fig. 3 . The point ␣ ϭ 1 is special because it separates two subfamilies of solitons with different numbers of humps in the third harmonic. Thus, even though it is a one-hump solution itself, the hyperbolic-secant-type soliton at ␣ ϭ 1 belongs to a higher-order soliton family. It is not surprising that all solutions of this family are unstable, a conclusion that we have verified by direct numerical simulations.
B. Multistability of Solitary Waves
As has been mentioned above, the most interesting features of two-wave parametrically coupled solitary waves manifest themselves near the point of phase matching. In the case of negative phase mismatch, corresponding to the part of the curve P tot (␣) on the left of the bifurcation point O shown in Fig. 1 , for any fixed value of the parameter ␣ we reveal the simultaneous existence of three localized solutions. Therefore in this case the propagation characteristics of two-frequency coupled self-guided beams become multivalued. Characteristic profiles of the solutions in this region are shown in Figs. 2(b) , 2(c), and 2(d), corresponding to the points B, C, and D in Fig. 1 , respectively.
We have investigated the stability of these solitary waves, using both linear stability analysis and numerical simulations of the beam propagation, and verified that, as was expected, the pure third-harmonic branch and the lower two-frequency branch are stable, whereas the intermediate branch shown in the inset of Fig. 1 is unstable. Stability changes at the critical point d P tot /d␣ ϭ ϱ. 3 . Examples of the fundamental (thin solid curve) and third-harmonic (thick solid curve) profiles for several multihump (higher-order) solitary wave solutions belonging to the family that also includes the solution (14) given by filled circle in Fig. 1 .
Therefore, in the problem of third-harmonic generation we find that there exists more than one possible propagation constant (and consequently more than one possible shape) of the parametric spatial soliton for the same value of the total power P tot defined by Eq. (12) . This phenomenon is known as soliton bistability or multistability.
Importantly, bistable solitons were first predicted 14 for scalar wave propagation described by the generalized NLS equation, when the dependence of the nonlinear susceptibility on the light intensity changes its sign or its derivative has a sufficiently sharp peak (a steplike function) (see also Ref. 15) . This means that multistable solitons were found not to be possible for a Kerr medium. However, later it was noticed that parametric wave interaction in quadratic media can lead to multistability of solitary waves. 8 Similarly, our results for thirdharmonic generation indicate the importance of a novel physical mechanism, which can lead to effective non-Kerr nonlinearities and multistable solitary waves. We believe this observation may broaden the range of possible optical materials for experimental realization of alloptical soliton switching based on multistability of light self-trapping.
As a particular example of the dynamics of unstable solitons and solitary wave switching, in Figs. 4(a) and 4(b) we show how a two-frequency beam launched on the unstable branch at ␣ Ӎ 8.4 can be switched towards either the left [Fig. 4(a) ] or right [ Fig. 4(b) ] stable branch, depending on the sign of the applied perturbation. The figure presents the evolution of the intensity at the fundamental frequency, with Fig. 4(a) showing that the intensity in that beam initially falls as we switch toward the left (purely third-harmonic) branch while Fig. 4(b) shows the reverse situation, in which we switch toward the right branch, which contains a larger proportion of the fundamental frequency.
DARK SOLITARY WAVES A. Structure of Stationary Solutions
We now turn our attention to searching for stationary solutions in self-defocusing media. We follow a very similar procedure to that used for bright solitons but, since the effect of the nonlinearity is now to reduce the refractive index, we substitute
This leads to the following system of normalized equations for u and w:
i ‫ץ‬w
Stationary beams are real solutions u(x) and w(x) of the system of Eqs. (17) and (18) with the z derivatives omitted, and again they depend on a single dimensionless parameter, ␣ ϭ (Ϫ3 ϩ ⌬/␤), which differs only slightly from the bright case.
It is important to notice that even though the resulting dimensionless Eqs. (17) and (18) look very similar to the case of bright solitons, their meaning is different. Indeed, this time the parameter ␤ is defined by the value of the background intensity at the fundamental frequency, which should be determined in a self-consistent way from the solutions of the corresponding equation for the PW propagation. Such an analysis is presented in Section 4.B below. Therefore the parameter ␤ stands for the nonlinearly induced propagation constant of the PW background field at the fundamental frequency, and it should be determined from Eq. (24) together with the background of the third-harmonic field. In particular, both ␤ and the amplitude of the third harmonic can be expressed from Eq. (24) as functions of the background amplitude of the fundamental beam.
After defining the system of dimensionless Eqs. (17) and (18), we can look for solitary waves in the cascading limit when ͉␣͉ ӷ 1 and ͉w͉ Ӷ ͉u͉. The asymptotic expansion for the localized solutions of Eqs. (17) and (18) 
where ϭ x/(2)
. The asymptotic solutions (19) and (20) of the cascaded limit have again been used as a starting point in the numerical search for localized solutions over a broad range of both positive and negative values of ␣. We characterize these solutions using the complementary, normalized total power
where u 0 and w 0 are the background amplitudes of the two parametrically coupled PW beams. The complementary power (21) has more limited applicability than its analog Eq. (12) for bright solitons. In particular, it does not define the solution stability, which should be formulated in terms of the so-called renormalized soliton momentum (see, e.g., Refs. 16 and 17).
In Fig. 5 we show the dependence of the normalized complementary power (21) on the effective mismatch parameter ␣ for classification purposes only, presenting different types of localized solutions with nonvanishing backgrounds. Thick solid and dashed curves show the families of one-and two-frequency dark solitary waves, respectively. The dashed curve extending to large negative values of ␣ is defined explicitly because it corresponds, similar to the case of bright solitons, to the onefrequency NLS solution for the third harmonic (␣ Ͻ 0),
which is characterized by the complementary power, P tot ϭ 2(2͉␣͉) 1/2 . The two thin dashed-dotted curves in Fig.  5 represent the asymptotic results for the soliton complementary power calculated with the help of expansions (19) and (20).
The solid curve extending to large positive values of ␣ represents two-frequency solutions, which have the asymptotic form given by Eqs. (19) and (20) . This branch contains the simple analytical solution (shown as a filled circle in Fig. 5 ), which exists only at ␣ ϭ Ϫ1, namely,
where a and b are defined by the same expressions (15) and (16) as for the bright soliton given in Eq. (14) . Importantly, Fig. 5 does not display any continuous family of solitary-wave solutions merging with the asymptotic result of the cascaded limit for negative values of ␣. Instead, only localized solutions at some special values of ␣ are found. (A small number of these solutions are shown as isolated open circles in Fig. 5 . Note that for these pointlike solutions we scale P tot (␣) by the factor 1/2.) Such a phenomenon was first discovered for dark solitons of two-wave interaction in a (2) medium, 5 and it has been described by employing the concept of bound states of radiative solitary waves. 18 In our case, this means that for negative values of ␣ the dark solitons appear to possess small-amplitude nonvanishing oscillatory tails, and the spatially localized solutions become possible only as a superposition of two (or more) solitons when, at certain values of ␣, the outgoing radiation is cancelled by means of destructive wave interference. Some typical field profiles in the vicinity of the phase-matching point (␣ ϭ Ϫ9) are shown in Figs. 6 and 7. Note that the pointlike soliton solutions (including ones in Fig. 7) were found by numerical shooting technique. For all other dark solitons the relaxation method was used.
B. Modulational Instability of the Plane-Wave Background
As has been mentioned above, real PW solutions u 0 and w 0 , which define the background of dark solitons, can be found by solving the system of coupled algebraic equations, Fig. 5 . Variation of the normalized complementary power, P tot , versus the dimensionless mismatch parameter ␣ for solitarywave solutions of Eqs. (17) and (18) . Thick solid and dashed curves show the families of one-and two-frequency dark solitary waves, respectively. Two thin dashed-dotted curves correspond to the asymptotic expansions of the cascading limit. Note that for pointlike solutions (given by open circles) we scale P tot (␣) by the factor 1/2. Points A-D indicate the particular examples presented in Figs. 7(a)-7(d) . Filled circle at ϰϭϪ1 corresponds to the exact solution (23). Fig. 6 . Examples of the fundamental (thin solid curve) and third-harmonic (thick solid curve) profiles for several dark solitary-wave solutions belonging to the family that also includes the solution (23) given by filled circle in Fig. 5 .
The corresponding solutions are found analytically, and they can be presented in two equivalent forms:
where w 0 2 is a root of the cubic equation
where u 0 2 is a root of the cubic equation
As we would expect, there is a unique, real solution for large positive and negative values of ␣. However, in the interval Ϫ14.509 Ͻ ␣ Ͻ Ϫ4.334 containing the point of the exact phase matching, there are three distinct PW solutions. The normalized intensities of these solutions (u 0 2 ϩ 3w 0 2 ) are shown as functions of ␣ in Fig. 8 together with the normalized complementary power of dark solitons in the cascading limit given by Eq. (22) .
To analyze modulational instability of these PW solutions, we introduce perturbations of the form
Substituting these expansions into Eq. (24) and linearizing the resulting equations, we find that the vector V ϭ (u r , u i , w r , w i ) T satisfies the linear equation Â V ϭ 0 where the elements A ij of the matrix Â are given by
A 33 ϭ ϪA 44 ϭ ⍀,
Therefore the parameters ⍀ and are linked by the dispersion relation det͓Â ͔ ϭ 0, which is reduced to
where
Now modulational instability occurs if for any real the modulation parameter ⍀ is either real or has a positive real part. We find that on the upper branch of PW solutions, this condition is never satisfied, so those solutions do not exhibit modulational instability. However, with the exception of two isolated points, the other two branches are modulationally unstable for all ␣. Figure 9 shows the range of wave numbers for which modulational instability occurs. The diagonally striped region applies to the lower branch of PW solutions, and the horizontally striped region applies to the intermediate branch. Fig- ure 10 shows the maximum growth rate of the instability ⍀ max for each value of ␣. Although this growth rate becomes very small for large negative ␣ (the cascading limit), modulational instability is still very easily observed, even in the range in which we might expect the influence of the third harmonic to be insignificant. As a result, all possible two-frequency solutions for dark solitary waves found in the region of negative values of the phase-matching parameter ␣ are unstable owing to modulational instability of the background.
This situation resembles the case of parametric spatial solitons in (2) media known to be unstable because of modulational instability of the background field. 19 An example of the development of such an instability from noise is presented in Fig. 11 at ␣ ϭ Ϫ80. Remarkably, the instability is important even in the region of large ␣ where, in principle, the fundamental and third harmonics can be considered to be completely decoupled. This result shows the crucial importance of the parametric interaction between harmonics for the solitary-wave stability.
C. Instability of Dark Solitons Induced by Parametric Interaction
The results of the previous subsection show that we should not expect to find stable two-frequency dark solitons for ␣ Ͻ Ϫ14.509 (because of the modulationally unstable background). To examine the inherent stability of the solitons for ␣ Ͼ Ϫ14.509 [ Fig. 5 ] when the background is stable, we should perform a stability analysis based on the soliton renormalized momentum. 16 This analysis requires us to find moving (gray) solitons in which the x dependence of our previous solutions is replaced by a dependence of the form (x Ϫ Vz), where V is the transverse velocity of the gray soliton, 17 and the soliton envelopes u and w should be considered in a complex plane. Because we expect the black solitons (at V ϭ 0) to be mostly unstable, similarly to the case of saturable nonlinearities, 16 we need only the solutions for small V, but even these are difficult to find for arbitrary ␣. However, for large values of ␣, we can develop a generalization of the cascaded limit and find an expansion of the form
, and the functions u(, 0) and w(, 0) at V ϭ 0 are defined by the asymptotic expressions (19) and (20) for small values of ⑀ ϭ ␣ Ϫ1 . Using these expressions we have calculated the renormalized soliton momentum M r (V) for small values of V (see Ref. 16 for definition and some examples). The derivative dM r /dV was found to be positive and, according to the stability criterion for dark solitons, 16 this indicates that the dark solitons are stable for at least large positive values of ␣.
For moderate and small values of ␣, we must rely on numerical simulations. We have performed a series of Fig. 9 . Bands of modulation frequencies, which induce instability of PW background waves. The diagonally striped region applies to the lower (dashed curve) branch of PW solutions in Fig. 8 while the horizontally striped region applies to the intermediate (solid curve) branch. direct numerical simulations of the stability of dark solitons for different values of ␣. These indicate that, for positive and negative values down to ␣ Ӎ Ϫ5 (see Fig. 5 ), the solutions for dark solitons propagate stably. However, as we approach closer to the phase-matching point (at ␣ ϭ Ϫ9; see Fig. 5 ), we observe the development of the dark soliton instability similar to that earlier reported for saturable nonlinearities. 16 Indeed, as can be seen from the contour plot presented in Fig. 12 , an unstable dark soliton undergoes a drift instability and transforms into a gray soliton.
CONCLUSIONS
We have shown that phase-matched interaction between the fundamental beam and its third harmonic leads to effective higher-order (non-Kerr) nonlinearities, and therefore it can have an important effect on the propagation of spatial solitary waves. First, for bright solitary waves, such induced non-Kerr nonlinearities restrict the existence region of allowed values of the soliton power, and also they lead to multistable soliton propagation when more than one possible beam profile and propagation constant exist for a fixed value of power near the phase matching. For dark solitary waves, parametric coupling between the fundamental and third harmonics generates two types of instability parametric modulational instability of the PW background, which is found even farther from the point of the phase matching, and inherent instability of black solitons similar to that predicted earlier for scalar dark solitons of saturable nonlinearities. We believe that all the effects described here can be found in other situations when resonant, phase-matched wave interaction generates a parametric coupling between the fundamental wave and one of the harmonic waves.
